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1 Abstract 

The Lie algebras expansion method is used to show that the Maxwell 
y— I 1 (super)algebras and some of their generalizations can be derived in a 

simple way as particular expansions of o(3, 2) and osp(N\A). 

(N- 

>• 1 Introduction 

X: 

There are four methods of obtaining new Lie (super) algebras from a given 
one: contractions, deformations, extensions and expansions. Contractions 
and deformations lead to new algebras of the same dimension as the original 
one. The same can be said of an extension Q of a Lie algebra Q by another 
one A (see e.g. [T]) in the sense that dim(? = dim£/ + dinv4 since Q = 
Q j A. A fourth way of obtaining new Lie (super) algebras from a given Q 
(sQ) is the expansion of algebras, first used in [2] and studied in general 
in 0,11] . In contrast with the first three procedures, expanded algebras have, 



1 



in general, higher dimension than the original Q because expansions give rise 
to additional generators (expansions also include contractions as a particular 
case [3] in which they are dimension-preserving). In this paper we shall 
consider some basic aspects of the expansion procedure to derive Maxwell 
(super) algebras and other new generalizations as expanded algebras. 

The main idea of the Lie algebras expansion method is to promote the 
standard Maurer-Cartan (MC) forms of of the Lie algebra Q of a group G 
(resp. superalgebra and supergoup), 

6(g) = g- 1 dg = u i X i , i = 1, . . . , dim£ , X { e Q , g e G , (1.1) 

to functions u/(£) of a real parameter £. We shall consider here expansions 
of the cj's with the generic form [5] 

= = £ p L0 ip ' p + £P+ l tu ip ' p+1 + ... u ipMp , (1.2) 

a p =p 

where p refers to the subspace V p in the splitting Q = Vq @ V\ @ ■ ■ - V p ® ■ ■ ■ 
of the Lie algebra vector space (thus, i p = 1,. . . ,dimV p , EdimV^, = dim(?); 
a p is the power of £ in the series expansion that accompanies a given u lp ' ap , 
which is therefore characterized by the values of the index i p and the order 
a p in the expansion of u %p . Depending on the problem, £ will be expressed as 
different powers of A with dimensions [\]=L~^. When M p = 0, u lp '° = cu lp 
i.e., the w's are the original MC forms for the various subspaces V p C Q. 
Certain terms of the expansion may be absent in (jl.2p . as we will see later. 
After inserting the expansions (11.21) into the MC equations for Q we get 

dw'(0 = -14*^(0 A **(£)■ (1.3) 

Then, equating the coefficients of equal powers a p of £ at the right and left 
hand sides, a set of equations for the differentials du) lp ' ap is obtained. In 
principle, the various M p in (II .2]) could be arbitrarily large, but the idea of 
the expansion method is to cut the series consistently i.e., in such a way that 
the retained {u lp,ap } (a p < M p ) become the MC forms of a new, expanded 
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Lie (super) algebra characterized by the MC equations satined by the oj lp,olp, s. 
The closure of d on the set {u tp ' ap } requires that the highest M p 's satisfy 
certain relations to guarantee that the various expressions for du tp,ap define 
the MC equations of a new Lie (super) algebra, the expansion ofQ, denoted 
Q(Mq, . . . , M p ). In this paper we shall only consider splittings with p — 0, 1, 2; 
only even or only odd powers of £ will appear in the expansions. 

We shall apply the expansion method to the D=4 adS (super) algebra to 
obtain various enlargements of the Poincare V(3, l)=t 4^0(3, 1) and super- 
Poincare sV(3, 1) algebras. This will lead to an algebra with six tensorial 
abelian charges, the Maxwell algebra (see e.g. [2HH]), and to further new gen- 
eralizations. Analogously, the expansions of the supersymmetric adS algebra 
will produce known and new supersymmetric Maxwell algebras. 

The plan of this paper is the following. Sect. [2] briefly recalls some general 
aspects of the expansion procedure, with particular attention to Lie algebras 
(and superalgebras) with a symmetric coset structure. Sect. [3] considers 
the expansions of the o(3, 1) Lorentz algebra; further, using o(3, 2) and the 
splitting o(3, 2) = o(3, 1) © , the Maxwell algebra and its generalization 
are obtained as specific expansions of o(3, 2). In Sect. 4 the expansion method 
is applied to a suitable coset decomposition of the osp(N\4) superalgebra; this 
will lead to a new supersymmetric version of Maxwell algebra. We conclude 
here by stressing that the expansion method is general, and provides an 
effective algebraic scheme to derive larger (super) algebras from a given one. 
Expansions retain some memory of the original algebra (see eqs. (12. ip . (12.21) ). 
a fact particularly useful to identify known algebras as expansions. 

2 Expansions of Lie (super)algebras: general 
considerations 

In a rather general framework [3J, the MC equations for the expansion 
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G{Mq, . . . , Mp) follow from eqs. (jl.2p and (11.31) . They have the form 

du k a ,a 3 = 1 (jk a J v £ v A ^ 9l79 / 2 ^ 

I l p,Pp JqHq v 7 

ip, q , s = l,...,dimV Ptq>s , a p ,/3 p ,7 P = p,p + l,p + 2,..., M p 

where the M p have to satisfy certain conditions and the structure constants 
of the expansion Q(M , . . . , M p ) are given in terms of those of Q by 

r k a ,a s Jo, P P + l q + a s 

We shall consider the following cases of the above general structure: 
1) All the MC forms uf in eq. (II. 2p are expanded similarly, 



M 

oj\i) = Y,C^ a , * = l,...,dim£, (2.3) 

a=0 

i.e. G = Vb, «o = i- Eqs. (T23D in (PU) give 

a 

dJ> a = -\ c) k ^ A c/' "' 3 , a=0, 1 . . . M . (2.4) 

0=0 

The resulting Lie algebra expansions, denoted G(M), have generators {Xj^} = 
(X jfi , X jtl . . . X jM ) dual to the MC forms {co^} = (o/>°, w*- 1 , . . . , u/- M ) that 
satisfy the MC equations (12.41) . Consistency requires d{dio l ' a ) = 0; this fol- 
lows using (12 .4p repeatedly for du^^ etc. in the r.h.s. of d(du l ' a ) = and 
the Jacobi identity (JI) for Q. Alternatively, d(du l,a ) = follows as a con- 
sequence of the JI for Q(M). The dimension of the expansions Q{M) is 
dim£/(M)=(M + 1) x dim£. Eq. (J23D implies 

[X j , a ,X k ,p] = if « + /3>M. (2.5) 

Therefore Q (M) contains t sets of (dim (?)- dimensional abelian subalgebras of 
generators {Xj^ + i} . . . {X,-^./} when M = 21 even, and £ sets {Xj^} ■ ■ ■ {Xj^m} 
in the odd M=2i - 1 case. 
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To be consistent latter with the notation in the supersymmetric case it 
will prove convenient to set £ = A 2 , 2M = N and relabel the expansion as 
G(N). Then, eq. (J23D reads 

N 

u i (X) = A a u/' a ,z = l,...,dim£ . (2.6) 

o=0, a even 

2) Let us assume that the algebra has a symmetric coset structure, Q = 
% © /C, with generators H G H, K r G /C so that the indices in "H (/C) take 
the values /, m, n=l . . . dimH (r, s=l . . . dim/C). Then, 

[Hi, H m ] = Ci m n H n , if r ] = Ci r s K s , 

(2-7) 

[i<r r , lf s ] = c rs l Hi . 

If we denote the dual MC forms of the subalgebra % by u l (u l (H m ) = S l m ) 
and e r are those of K (e r (K s ) = 5 r s ) the algebra (12.71) is equally characterized 
by its MC equations, 

dw l = -~(c l mn u m A cu n + c\. s e r A e s ) , 

(2.8) 

de r = -c r ms uj 771 A e s . 

Then, due to the symmetric coset structure, the expansions of the MC forms 
take the form [3] 

M Mi 

co\o= E z a0ujl,ao ' e ^)= E ^ ler,Q1 ' ( 2 - 9 ) 

oo=0, ao even oi=l,ai odd 

i.e. p = 0, Zo = I an d p = 1, ii = r in eq. (II. 2p respectively. When 
M\ = M + 1 or Mi = Mq — 1 [3] the retained forms determine a Lie algebra. 
To compare these expressions with the supersymmetric ones avoiding the 
odd powers in flZBD , we take as mentioned £ = A 2 , 2M = iV , 2Mi = N 2 . 
Then, eqs. (12. 9p read 

N N 2 

u/(A) = A Q0 ^' Q0 , e r (A) = E A Q2 e r ' Q2 . (2.10) 

ao=0, mod 4 Q2=2,mod4 



We shall call Ji = Vq and K, = Vi referring to the first powers in A (rather 
than £) that appear in the expansion of the corresponding MC forms, and 
denote the expansions Q(Nq, N2). In Sect. 3 we will consider the case Mq = 2, 
Mi = 1, i.e. Nq=A and iV"2=2; this will lead to the Maxwell algebra as the 
expansion o(3, 2)(N = 4,N 2 = 2) 

3) The case of superalgebras corresponds to adding the fermionic sector 
Vi of generators F a e V\ to the bosonic one Q = Vq © V2, for which we still 
assume eqs. ( 12. 7p . Thus, sQ — Vo © V\ ffi Vi and the commutation relations 
of sQ are given by eqs. (12.71) plus 

{Fa-, Fp} = c a p n H n + c a p r K r , 

(2.11) 

[Hi, F a ] = cic/Fp , [K r , F a ] = c ro PFp , 

where a, (3=1 . . . dim V\ above refer to the spinorial index of the fermionic 
generator. Introducing fermionic MC forms ip a , ip a {Fp) = 5^, the MC equa- 
tions for the Lie superalgebra sQ follow from (12.71) . (12. lip . 

du} = -\{c l mn u m A uj n + c l rs e r Ae s + c l a ^ a A ip 13 ) , 

de r = -\{2c r ms u m Ae s + c r a ^ a A ^) , (2.12) 

dt/j a = -{c%^ A J + A e r ) . 

Given the coset structure of the superalgebra sQ (p = 0, 1,2), we take 
£ = A so that A accompanies the first term in the expansion 

^ Q (A) = \ ai i> a,ai ■ (2.13) 

ai=l, a\ odd 

Note that the first index a in ip a ' ai is the usual spinorial one and that the 
second index ot\ refers to the order (power) of the expansion of the fermionic 
MC form ip a of sQ. The expansions of the bosonic MC forms are accordingly 

JVo ^2 

u\X)= ^°^ a ° , e r (A)= X° 2 e r ' a2 . (2.14) 

ao = 0,Qocvcn 02=2, 012 even 
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The powers of A in eqs. ( 12. 131) . ( I2.14p . where [A] = L~z, will determine 
later suitable physical dimensions for the MC forms in the expansion and 
for their dual Lie (super) algebra generators. In fact, if the MC forms are 
identified with the one-form fields of a physical theory, the lower orders will 
lead to the standard physical dimensions of the bosonic and fermionic fields in 
geometrized units (e.g., the one- form ip 01 ' 1 in eq. (12.131) has dimension ['0 a ' 1 ] = 
La, which gives [Q a ] = for its dual generator in the superalgebra, etc). 
It is also seen that supersymmetry makes the expansion of the bosonic part 
to be of the form (12.141) rather than (I2.10p . If we now set the fermionic sector 
(eq. ( I2.13P ) in the expansion of the superalgebra sQ equal to zero, the result 
gives a possible expansion of the bosonic subalgebra Vq © V 2 C sQ, which is 
consistent and different from the one in eq. (12.101) . 

In Sec. [3] we shall consider the bosonic expansion given by eq. (I2.14p for 
N = 4 = N 2 to derive a new generalization of Maxwell algebra, and in Sect. H] 
we shall consider the supersymmetric expansion (eqs. (I2.13p . (I2.14p ) with 
iVo = 4=N 2 and N\ = 3 (case (a) below) to obtain new supersymmetrizations 
of the Maxwell algebra. Note that a set of integers (N , Ni, N 2 ) will not 
lead to an expansion sQ(N , N±, N 2 ) unless one of the following conditions is 
satisfied: (a) N Q = N 1 + 1 = N 2 , (b) No — N\ — 1 — N 2 , (c) N Q = N 1 -1 = 
N 2 — 2 or (d) iVo — 2 = Ni — 1 = N 2 . Case (d) would be absent if we allowed 
for an H component in the second commutator of (12.71) (see [3J[2] for details). 

3 Generalized Lorentz and Maxwell algebras 
as expansions 

1) Expansions of the D=4 Lorentz algebra. 

The o(3, 1) Lorentz algebra is given by the relations (//, u = 0,1, 2, 3). 

[M^, M pa ] = (n pu M^ - r} ai/ M w ) - v) (3.1) 

or alternatively by the MC equations for the Lorentz group which, with 
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co pu (M pr ) = S^pr, are 

dw^ = - oo p A oo pu (3.2) 
We now use the expansion formula (12.61) with N=4, 

uT(X) = cu^° + A 2 co^ 2 + A 4 w^' 4 . (3.3) 

From (12. 4p and taking into account that only even orders of a and (3 appear, 
we obtain the relations 

dw m0 = -wV°Aw« , (3.4a) 

duT> 2 = -(o/V° A co pu ' 2 + u» p ' 2 A w w0 ) , (3.4b) 

dcu^ 4 = A u puA + u%' 2 A u pu ' 2 + u^/ A w^'°) . (3.4c) 

Eqs. (I3.4b .-c) constitute the MC equations for the (6x (2+l))-dimensional 
Lie-algebra expansion o(3, l)(iV = 4). Introducing the generators M pu , Z^, 
Z pu dual respectively to u pu '°, u pu ' 2 , u pu,4: we obtain, besides (13.11) . the fol- 
lowing o(3, 1)(4) commutators (we usually omit the vanishing ones) 



[Mpv, Z pc \ = (r) pu Z pu - rjavZ^p) - (/i -H- v) (3.5a) 

[Mfa,, Z pa ] = {j] pv Z^ - r} a „Z w ) - (n -H- v) (3.5b) 

[Z pu , Z pa ] = {r) pv Z pa - r} a „Z w ) - (n u) (3.5c) 

In agreement with the general relations (I2.5P we get [Z pu , Z pr ] = 0. There- 



fore, o(3, 1)(4) is the semidirect product of the Lorentz algebra and the ideal 
generated by (Z pu , Z pv ) in which the generators Z^ are central. 

2) The Maxwell algebra. 

Let us now consider o(3, 2) with the splitting ( 12 .7p . namely o(3, 2)=o(3, 1)© 
= V ® V 2 . Denoting the generators in the coset describing the 
curved translations in D=A AdS space by V p , the algebra o(3, 2) is obtained 
supplementing the Lorentz algebra (13. ip with 

[M pu ,V p }= 2{V pVup -V u r ]pp ) , [V p ,V u ]=M pu . (3.6) 
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The o(3, 2) algebra MC equations are 

du^ = - A u pv - e p A e u , de p = -uf p A e p , (3.7) 

where all the generators in (I3.6P and the forms in (13.71) are dimensionless. 

Let us first consider the expansion (I2.10p for the above coset structure 
(V = o(3, 1) and V 2 = gfi) with N = 4, N 2 = 2, 

^"(A) = u pufi + A 4 u puA , e"(A) = A 2 e^' 2 . (3.8) 

Inserting these expressions in the o(3, 2) MC equations above, and identifying 
the coefficients of equal powers of A, we obtain 

d u pu '° = -w V° A ^ > d eAt ' 2 = A e u > 2 , 

dtu^' 4 = -(a;"/ A uj pvA + u^/ A w^' + e^' 2 A e^' 2 ) . (3.9) 

These are the MC equations of the Maxwell algebra as the expansion 
o(3, 2)(A r = 4, N 2 = 2). In terms of the generators M^, and dual to 
w A" / » ) e /^ 2 anc i w mM reS p ec tively, the commutators of the algebra are 

[Mfu,, M pa ] = {t) pv M p<j - VaM^) - (p v) , 
[M pu , P p ] = 2(i>„ p - P uVpp ) , (3.10) 

plus eq. ( 13. 5b ). 

3) The generalized Maxwell algebra. 

To obtain it, now expand the MC forms e p ) dual to (M pu , V^) as in 
eq. (I2.14p with Nq=4 and N 2 =^ (these expansions follow, as shown in case 3 
in Sec. |2J from those of sQ). Besides eq. (13. 3p we have from eq. ( I2.14p 

e "(A) = AV' 2 + AV' 4 . (3.11) 

Using the expansion (13. 3 p for u pu and ( 13. lip for e p in the o(3, 2) MC equations 
(13. 7p . we obtain eqs. ( 13.4b — b) . the following modified eq. ( 13.4b ) 

du^' 4 = -(co P p° A cu puA + u" p ' 2 A u pv ' 2 + A + e ^ 2 A e "' 2 ) ( 3 - 12 ) 
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and 



d e»' 2 = A e u > 2 , d e^' 4 = - cu" u '° A e M - u/V 2 A e"' 2 . (3. 13) 

Introducing the generators P M , Z p dual to e M ' 2 , e M ' 4 , it follows from eqs. (j3.12p . 
(I3.13P that the expanded algebra, denoted o(3, 2)(4, 4), provides the general- 
ization of the Maxwell algebra given by the eqs. (13.101) . (13.5b c) . plus 

[M^,Z p ] = 2(Z^ up -Z uVw ) , (3.14a) 
[Z^Pp] = 2{Z li T} vp - Z^p) , (3.14b) 
= [Z^jZpj.] = [Zp U ,Z pT ] = [Z^Z U \ = [Z p ,Zp U ] = [ZpjZ^] (3.14c) 

Thus, the expansion o(3, 2) (4, 4) contains the Maxwell algebra as the sub- 
algebra generated by (M^, P u , Z pv ). The addition of Z pv provides, through 
eq. (13.5b ). the 'bosonic roots' of the abelian charges Z pv appearing in the 
Maxwell algebra. The abelian vector charges Z p , dual to e M ' 4 in eq. (13.111) . 
are central but for their Lorentz vector character. 

4 TV-extended Maxwell superalgebras as ex- 
pansions of osp(N\4) 



In order to obtain iV-extended Maxwell superalgebras we now expand 
the osp(N\4:) algebra with the coset splitting of case 2) in Sec. [2j Explicitly, 
osp(N\A) = V © V 2 © V\ is given by 

os Pm) = [o(i,3) ewe^e-zgm- . (4 ,) 

Since sp(4) ~ o(3, 2) the algebra (14. ip is the supersymmetric counterpart of 
the D=A AdS algebra obtained by adding the N ^ N ~^ generators T ab of o(N) 
and N real D=4 Majorana spinor fermionic generators Q a a (a = 1...N). 
They satisfy the relations (C = 70 in the Majorana realization) 

{Q a a , Q b p } = 5 a \C^) aP Vp - ^S ab (Cj^ M, u + C Q/3 T ab (4.2) 
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[M, v , Q a a ] = (Q a ^) a , fa, Q a a ] = \{Q a i,) a , [T ab , Q c a ] = 2(Q a J bc - Q b J ac ) 

(4.3) 

where T ab are the internal symmetry o(N) generators 

[T ab ,T cd \ = (5 cb T ad -5 db T ac )-(a^b)) , a,6=l...,JV. (4.4) 

Let uj ab be the one-forms dual to T ab (the indices a, b, being euclidean, 
can be placed up or down) and ip" the fermionic MC forms dual to Q a a . The 
splitting ( 14.1 p corresponds to the following assignments of the MC one-forms 
in the generic MC equations (I2.12p 

J (u^,u ab ) , e r ^«) , <T^(C) • ( 45 ) 
For dui^, de^ we obtain (ip = ^ T C) 

duT = -^A^-e^Ae^ + ^C( 7 n^ , 

de» = - u ;a^-^:( 7 %a^ . (4,6) 

The osp(N\4:) MC equations require adding to (14. 6 j) those for du ab and dip a a , 

du ab = -u ac A u c b - i> a a A , (4.7) 

d^ a « = -(^^A^-^A/. + w'.Afi . (4.8) 

At this stage, all the above generators and MC forms are dimensionless. 

To expand now osp(N\4) we use the splitting (14.11) and eqs. (12.141) . (I2.13P 
for u^, u ab , e u and if) a i} and choose No=4=N 2 in (I2TT4D and N 1= 3 in (l2~T3|) 
(case a) at the end of Sec. [2]). In all, we have 

uj^(X) = + X 2 u^> 2 + X* , 



e"(A) = A 2 e"' 2 + AV' 4 , (4.9) 

co ab (\) = tu ab '° + X 2 u ab ' 2 + X A u abA , (4.10) 

^ a a (A) = A^V + A 3 VV 3 - (4.11) 
11 



Now, inserting expressions fl4.9p - fl4.lip into the osp(N\4) MC equations f)4.6p - 
(14.81) . we obtain the MC equations of the expansion osp(N\4)(N , Ni,N 2 ) = 
osp(4\N) (4, 3, 4) plus other new superalgebras through the following consec- 
utive steps: 

i) The MC equations for uj^' , e^ 2 , u ab, °, ip a ' 1 already determine a su- 
peralgebra, the expansion osp(A r |4)(0, 1,2). This is [3], in fact, a contracted 
algebra (in the generalized sense of Weimar-Woods [TD]) and hence has the 
same dimension as osp(N\4). Its MC equations are given by 

de^ 2 = -u%'°Ae^-^r/(rU^a\ 

j c 

d Wabfl = —UJ ac fl/\UJb' , 

d^\ = -\{u^i, v r^+^ri ■ (4.12) 

After using the duality relations for u^, e M from Sect. |3] and u ab,0 (T cc i) = 
S ab cd, ^ a ' l a{Q b i3) = S a /3 S a b one gets from (Q2]l that osp(N\4){0, 1, 2) = 
s ~p( N ) i_ e ^ the standard iV-extended Poincare superalgebra generated by 
{M flu ,Q a a ,P f ,,T ab ) with [Q a a ] = and [P M ] = L" 1 as usual. 

ii) The remaining equations in the expansion of osp(N\4) provide an en- 
largement of sV^ superalgebra, with new generators Z^ u , Z^ IU , Z^, Y a b, Y a b 
and E a b dual, respectively, to the one-forms u;^' 2 , u;^' 4 , e^' 4 , ui ab ' 2 , u ab,4: and 
ip a,3 a - These MC forms have dimensions [uj' il/ ' 2 ] = L, [oo^' 4 } = L 2 , [e M ' 4 ] = L 2 , 
^a6,2j _ ^ [cj a6 ' 4 ] = L 2 and [^> a ' 3 a ] = Li, inverse, respectively, to those of 
the corresponding expanded Lie algebra generators. 
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From dUBD-dUB]) the osp(JV|4)(4,3,4) MC equations follow: 

duj^ 2 = -w"/ A w^ 2 - A w w ° + if/(f ) aP A / a 1 (4.13) 
d u puA = -a/*/ A uj pvA - u p p A A u pu '° - u p p ' 2 A u pu ' 2 - e p ' 2 A e^' 2 

+\wii" y u a + \rAin aP a ^ (4.i4) 

de pA = —u) p p'° A e p ' 4 — u) p p ' 2 A e p ' 2 

~\WWU A " \ Wil'U A ^ (4-15) 

du ab ' 2 = -^A^-^A^-rU^ 1 (4.16) 



dw«6' 4 = -w; c AuV 4 -w; 4 c AwV -w«,2AuV 2 

-l/j a A Ipab — ifc aA4/ (4.17) 

d^\ = --(w^'V)^ A ^' 3 a - ^K"' V)"/* A V W « - ^(e^n A ^ 
+ W ?A^ 3 + W VAf\ (4.18) 

Some of the above expressions may be added up, but we have kept the way 
they are generated in the expansion. 

The expansion procedure leads to the possible generalizations of sV(N) 
described below: 

1) An extension of the {Q^,Q b ^} anticommutator of the N-extended su- 
perPoincare algebra by the abelian 5*0(1,3) tensorial generators Z pv and 
SO(N) -tensorial ones Y ab . 

This is the expansion osp(A r |4)(2, 1, 2), which is obtained by taking eqs. (14.91) - 
(14. lip up to order two. From (14.131) and (I4.16P it follows that 



{<X, Q b p} = 5 a \C^UP, - ±S*(C>r)«f> Z ^ + C a pY ab , (4.19) 

and 

[M,,,,, Z pa ] = (r] pu Z pa - n^Zpp) - (// -H- v) , 

[J** y cd ] = (S^yad _ fidb yac) _ ^ ^ ^ 

The new abelian generators (Z pu , Y a b) are the tensorial and isotensorial cen- 
tral charges that are added to iV-extended super Poincare algebra sV^ N \ 
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The osp(N\4)(2, 1, 2) superalgebra fl4.19l) - fl4.20l) constitutes another example 
of case a) at the end of Sec. [2J 

2) Minimal enlargement of the N-superPoincare algebra including Z^ u . 
Looking at f)3.10p . one might simply think of making the replacement 

[P M ,P v ]=0 — > [P„,P V \=Z IW (4.21) 

in the sV^ algebra. Nevertheless, this would not lead to a superalgebra 
since, when checking that dd = on oj Mly ' 4 , we first obtain du fJ,u,A = — e M ' 2 A 
e u ' 2 (i.e. the second commutator in eq. (I4.2ip ) and then ddu^ u ' 4 ~ e^' 2 A 
C'^'W^a' 1 ^ 0, reflecting that the JI is not satisfied for (Z^Q^Qj). 
However, ddu^' 4 will vanish if the MC equation for du^ v,i is replaced (see 
dHHD) by du^ uA = -e^ 2 A e u ' 2 + ^^{j^a^i' 3 , which shows that an 
additional fermionic generator is required. Thus, the inconsistency can be 
removed if the one-forms (tu ,J ' v ' , e^ 2 , ijj^' 1 , oj^ 2 ) are supplemented by a new 
fermionic one, ^f' 3 , dual to the additional set of fermionic generators Eg. 
Then, the odd-odd sector of the iV-superPoincare algebra is completed with 
a non-trivial additional relation 

{Q a a ,Qp} = S ab (CrUP» , {Q a a ^} = - l -5 a \CY v UZ, v . (4.22) 

This was referred to as the minimal supersymmetrization of the Maxwell 
algebra in [m - TH] . 

The new generators Ef were originally added by Green [TS] on supersting 
theory grounds (see further [16] and [2] in an expansions context) in the 
commutator 

lP»,Q a a]=rfa^, (4-23) 

which here is a consequence of eq. f!4.18p . Since (eqs. fl4.9p - fl4.lip ) our MC 
forms expansions do not contain sixth powers of A, we obtain as in [15] that 

{E»,E»} = 0. (4.24) 

Eq. (I4.18P for dtp®' 3 also gives the commutators expressing the covariance 
properties of E^, 

[M^,K]-\(inJK , [T a \K} = ^ a J bc ~Kn (4.25) 
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3) N -extended Maxwell superalgebras with additional bosonic charges 

Let us write explicitly the main commutators of osp(N\4) (4, 3, 4) that 
follow from the MC equations given before. In the expansions (14. 9p . (I4.10p . 
the forms (u^' 4 , e M ' 4 , u ab,A ) correspond to the highest powers in A and, hence, 
their dual generators (Z^, Z M , Y ab ) are abelian. The last two modify the 
{Q, £} anticommutator of the previous minimal superMaxwell algebra, which 
becomes 



{cruz,- l -{cr v uz, u 



C a pY ab . (4.26) 



Besides the commutators expressing the Lorentz (SO(N)) covariance prop- 
erties of Z^ u , Z^, Z^, (Y a b,Y a b), we have the non-trivial relations 

Y cd ] = (S cb Y ad - S db Y ac ) -(curtb) , (4.27) 

Q a a ] = (VV ^ , [Y a \ QV\ = 2(S^ bc - Z b J ac ) . (4.28) 

For N = 1, the superalgebra relations (P2j) - (l4^2l| with Z^ = = Z^ 
were proposed in [TT] as the simplest supersymmetrization of Maxwell algebra 
(for N=l the generators T ab , Y ab , Y ab are clearly absent). Obviously, setting 
some generators equal to zero in an algebra, as done above for Z^ and Z^, 
does not lead in general to a subalgebra, but here all the resulting commuta- 
tors satisfy the JI by virtue of the D=4 Fierz identity (0^)^(0^^)^) = 0, 
where the bracket means symmetrization. 

Other iV-extended Maxwell superalgebras, with supersymmetrized ten- 
sorial charges Z^, were considered in [T3l [14] . In [13] the following coset 
decomposition of osp(N\A), different from the one given by (14. ip . was intro- 
duced for even N=2n, 

osp(2n; 4) = ( a /(2; C) © u{n)) © © ^ © , (4.29) 

v ; v v ' v " sl{2;C) u(n) sp{4) © o(2n) v ' 

To recover the algebras of [13] as expansions, the coset part of the inter- 
nal symmetry generators should be expanded in powers of A in the same way 
as the vierbein e M . In [H] the iV-extended Maxwell algebras were obtained as 
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a particular contraction of the direct sum of two real superalgebras, describ- 
ing respectively the supersymmetrization of o(3, 1) ~ s/(2,C) (sl(k\2; C) , 
< k < 2N) and the supersymmetrized o(3, 2) ~ sp(4) algebra (the D=A 
extended AdS superalgebra osp{2N — k\4)). 

5 Final Remarks 

The main aim of this paper was to provide further examples showing that 
quite complicated (super) algebras can be derived easily as expansions of a 
basic (super) algebra which encodes some essential features (as reflected by a 
certain coset decomposition). Previous studies the expansion method [2J[3] 
were used to derive [3111] the D=ll full M-algebra (including the Lorentz 
part) as a particular expansion of osp(l|32) and to look at Chern-Simons su- 
pergravities. Also, the (p, g)-Poincare superalgebras governing the extended 
D=3 supergravities were found [T7] to be expansions of osp{p + q\2). 

Here we have applied the expansion method to (super) algebras to ob- 
tain various Maxwell algebras and new generalizations of the Green alge- 
bra [15] . These (super) Maxwell algebras, all characterized by the presence of 
the commutator [P M , P u ] = Z^ IU , may be considered as symmetries of an en- 
larged spacetime with additional bosonic coordinates. Recently, it has been 
shown [18] that the quantization of a free particle in such a ten-dimensional 
enlarged D=4 spacetime describes a Lorentz covariant extension of the pla- 
nar Landau problem (the non-relativistic particle in a constant magnetic field 
background) . 

Here we have found, in particular, that the A 4 term in the expansion of 
the Lorentz MC one-forms (see eq. (13.81) ) generates the tensorial 'central' 
charges of the Maxwell algebra fl3.10p . which turns out to be the ex- 
pansion o(3,2)(4,2). These generators Z^ u also appear, as they should, in all 
the generalized Maxwell algebras described in Sec. [3j The inclusion of the 
generators Z^ in a superPoincare algebra to obtain a Maxwell superalgebra 
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requires the addition of the Green additional fermionic generator. The N- 
extended Maxwell superalgebras are discussed in Sec. HI The most general 
one considered in this paper is the expansion osp( N\A) (4, 3, 4); it includes two 
sets of bosonic generators, a Lorentz vector and the usual Z^ tensor, and 
two other sets Y ab ,Y ab that are SO(N) tensors. The 'minimal' iV-extended 
Maxwell superalgebra, with generators {M^ u , P M , Z^, Q a a , E£, T ab }, may be 
obtained by a suitable reduction of the general shown in Sec. HI 

We have not considered other (super) algebras as those of the type given 
in [T4] from the expansion method point of view. It is unclear whether they 
can be obtained by this procedure, but we recall here that contractions do 
appear as a particular case of expansions [3] (see also [HE]). 
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